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. Abstract 

^"^ , We investigate a general metric of the Kundt class of spacetimes in higher dimensions. 

Geometrically, it admits a non-twisting, non-shearing and non-expanding geodesic null con- 
gruence. We calculate all components of the curvature and Ricci tensors, without assuming 
any specific matter content, and discuss algebraic types and main geometric constraints 
imposed by general Einstein's field equations. We explicitly derive Einstein Maxwell equa- 
tions, including an arbitrary cosmological constant, in the case of vacuum or possibly an 
aligned electromagnetic field. Finally we introduce canonical subclasses of the Kundt family 
^q' and we identify the most important special cases, namely generalised pp-waves, VSI or CSI 

spacetimes, and gyratons. 
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(N . 1 Introduction 

OS 

Studies of various aspects of gravity in higher dimensions are now an active research area. In 
fact, there are already many indications that gravitation in D > 4 exhibits some qualitatively 
different and even unexpected properties. These can be demonstrated and investigated ana- 
lytically using exact solutions to Einstein's equations of higher-dimensional general relativity. 
Such explicit solutions not only illustrate specific physical properties of idealised situations, 
but may help us to understand rigorously some of the more general features of the theory. 
, In standard D = 4 general relativity, there exist many families of spacetimes, as recently 

' summarised in the comprehensive review book [1] . Some of them have already been extended 

to higher dimensions, and great a number of specific exact solutions has been found. However, 
a more systematic investigation of other interesting families is still desirable. 

For example, in our recent works [2,3] we systematically analysed a large class of Robinson- 
Trautman spacetimes in any dimension, see also [4]. We found some rather surprising results, 
in particular that this family is, in a sense, not as rich as in four dimensions. Many types 
of exact solutions, such as exact gravitational waves of an algebraic type N, III or II are 
completely missing, and even some type D solutions are absent, e.g., a generalisation of the 
C-metric that would describe accelerating black holes in higher dimensions. 

Geometrically, the Robinson-Trautman class in any dimension D is defined by admitting 
a geodesic, shear-free, twist-free but expanding null congruence. This invariant definition is 
based on the optical properties of null geodesic congruences in higher-dimensional spacetimes 
[5,6] (for a review, see [7]). A natural counterpart of the Robinson-Trautman family is the 
Kundt class of spacetimes, which admits a geodesic, shear-free, twist-free and non-expanding 
null congruence. 

In fact, the Kundt class is one of the fundamental classes of exact solutions to Einstein's 
field equations in D = 4 (see chapter 31 in [1]). This large group of algebraically special 
spacetimes contains many particular vacuum solutions. It also admits a cosmological con- 
stant, electromagnetic field, pure radiation or other matter fields. 
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Several important subclasses of Kundt's family in higher dimensions have already been 
recognised and studied thoroughly. The best-known of these are the pp-waves, see [7-13] and 
references therein, which admit a covariantly constant null vector field. There are also VSI 
and CSI spacetimes [7,9, 11-14], for which all polynomial scalar invariants constructed from 
the Riemann tensor and its derivatives vanish and are constant, respectively, and relativistic 
gyratons [15-21], representing the field of a localised spinning source that propagates with the 
speed of light. Recently, some properties of a more general family of vacuum solutions with 
a non-twisting multiple WAND, which also includes the Kundt spacetimes, were presented 
in [22]. The importance of higher-dimensional Kundt spacetimes in the context of string 
theory, namely the supersymmetric solutions of supergravity, were summarised in [23] . 

It is the purpose of the present paper to systematically derive the D > 4 Kundt class of 
solutions and to discuss its main features. Therefore, in section [2) we start with a completely 
general Kundt metric ((4J without assuming any specific matter content. In section [3] we 
present all components of the curvature and Ricci tensors for such a general Kundt metric, 
and in section0]we discuss some properties of the Kundt spacetimes when general Einstein's 
field equations are applied. In particular, we investigate the constraints imposed on the 
matter content by the Kundt geometry and we determine its generic algebraic type. 

Starting from section[5l we confine ourselves to the most important case of vacuum Kundt 
spacetimes, with a possible cosmological constant A, and we also allow for the presence of 
an aligned Maxwell field. We derive the explicit form of all Einstein (-Maxwell) equations 
within such a setting. Our results are summarised in section [6] where we also discuss the 
remaining coordinate freedom and we define canonical subclasses. In section [7] we briefly 
describe the most important subfamilies of these Kundt spacetimes, and we give references 
to previous works. 



2 Geometry of the Kundt spacetimes 

The Kundt family of spacetimes in an arbitrary dimension D is defined geometrically by 
admitting a geodesic, twist-free, shear-free and non-expanding congruence generated by the 
null vector field, say k. There exist suitable coordinates in which such a metric can be 
written in the form 

ds 2 = 9lj (cLr* + g"du) (dx j + g rj du) - 2 du dr - g rr du 2 . (1) 

Indeed, considering a family of null hypersurfaces u = const, whose normal (and tangent) 
is k a — — u iQ — ~5™ everywhere, the congruence of integral curves of the null vector field 
k a = g a ^kp is then geodesic and affinely parametrised. Taking the corresponding affine 
parameter r along such null congruence as the next coordinate, k = d r , and introducing 
D — 2 "transverse" spatial coordinates (x 1 , x 2 , . . . , x D ~ 2 ) to label the distinct null geodesies 
of this congruence, we obtain g ur — — 1 and g uu — = g ul . The remaining specific metric 
functions in ([I]), which depend on the coordinates {x, u, r), are to be determined belowQ 

Because the generating null vector field k is hypersurface-orthogonal, the congruence is 
non-twisting . Writing the spatial part of the metric as 

gij = P~ 2 7y where det 7y = 1 , (2) 
the optical scalars corresponding to shear and expansion, see [5,6], are given by 

O 2 EE k (a , p) k^ - -^(k%) 2 = \l H l kj l kl ,rll 3 ,r , 

0=p^k<* a = -(lnp) >r , (3) 

respectively. Now, imposing the condition that the congruence is shear-free (a 2 = 0) leads 
to 7ij,r — since there always exists a frame in which 7 y is diagonal, with strictly positive 
eingenvalues. Requiring that the congruence is non-expanding (9 = 0) leads to p_ r = 0. It 
thus follows that the spatial part of the Kundt metric g^ has to be independent of the 
coordinate r. 



1 Here x stands for all the transverse coordinates x % and latin indices i, j, k,l,m range from 1 to D — 2. 



The relations between the covariant and contravariant metric coefficients of ([T]) areQ 
9" = 9 l3 9u 3 and g rr = -g uu + g lJ g ui g U j, or inversely g ui = g Ai g rj , g uu = -g rr + g rl g ri , 
g rr = = g r i. We can thus conclude that any Kundt spacetime in an arbitrary dimension D 
can be written in the form 

ds = g%j(x, u) dx l dx J + 2g U i(x, u, r) dx l du — 2 du dr + g uu (x, u, r) du 2 , (4) 

see also [2,7,9,14]. 



3 Curvature tensor for a general Kundt metric 

A straightforward calculation gives the following non-trivial Christoffcl symbols for the Kundt 
metric (Q}: 
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where s r* fe is calculated using the spatial metric gij only. Further useful relations are 

r« a = o, (16) 

rs a = (in^) u) (17) 

r? a = n 3 = {\n y fg)., (18) 

in which we introduced a function 

9 = 9{x, u) = dct g i3 = - det g a/3 . (19) 

Using these results, a somewhat lengthy calculation then leads to the following components 
of the Ricci tensor for a general Kundt metric (|4|): 

R rr = , (20) 

Rri "^Qui.rr ? (^l) 
f*~-ru 2~9uu.rr 

2 ( 9ui,r 9uj,r 9ui,rj 9uj,ri) ^ ij 9uk,r 1 G^) 
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+\g n gu], r [guu,i + 2g kl g uk (guid - 9ui,i) ] + g li g U j(gui,ru - sw,h) (24) 
-U9 tJ 9uu,j),i - U9 lJ guu,j)(ln -/g),i - \g l3 g kl guj,i{guk,t - g m ,k) 
+(g t3 guj : u),i + (g %j guj,v,){lrty/g),i - \g 1,J ' g kl gik, u gji,u - {^i^/g), U u , 

**ui 2 g guk \ guj,ri gui,rj gui,r guj,r) 2 guu,ri "T 2 i? guk,r guj,i 
"^~2 (ffij'itt gui,r Smj)] ^ 

+l[fl ,J ' s (5 , ij> -fc.j - 3t«,r5«j)](hi\/5),fc (25) 

+2" g 3k g lm gim,k [(jjui,j — gu 3 ,i) + (g u i,r gu 3 — g U j, r <jw) ] 

+| 3™,™ + 1 5«i, r (hi v^.u - ( ln Vff),™ - 1 g 3k g lm gk m ,i gji,u , 



As usual, g 1 ^ denotes the inverse of gtj. 



where s Rij is calculated using the spatial metric c^- only. The Ricci scalar is thus given by 

R = S R + g uu ,rr - {g lj 9uj, r ),i - \g %J \g U i g U j) ~ g lj {^\/g),iguj,r 

9 °* Qui guj.rr ~%9^ ( Qui^r 9uj,r ~t~ 9ui,rj ~\~ 9uj,ri) ^ij 9 '^5 , 'ufe ) r ■ (^^) 

For completeness, we also present all (independent) components of the curvature tensor: 
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4 General field equations and algebraic type 

To determine the specific form of the metric functions in the general line element Q for 
the Kundt class of spacetimes, it is now necessary to impose the Einstein field equations 
Ra/3 — ^Rga/3 + Ag a p = 87rT Q ^ with a suitable energy-momentum tensor T a p. These equa- 
tions are explicitly rather complicated but, considering the above components of the curva- 
ture and metric tensors, some general observations can be made immediately. 

First, it follows from equation (|2"D|) and g rr = that Einstein's field equations for the 
Kundt class can only be satisfied provided T rr = T a pk a k^ = 0. This imposes a restriction on 
the admissible matter content of the spacetime. 

If, in addition, T r i = then the field equation corresponding to the component (f2Tj) 
reduces to a simple relation g U i,rr = 0, which can be directly integrated. In such a case the 
metric component g u i must be at most linear in the coordinate r. 

From the Einstein equation for ([22]) . using g ru = — 1 and ([26]) . it then follows that 
T ru must be independent of r. Substituting for R from traced-out Einstein equations 
(D — 2)R = 2D A — 16ttT^, we can thus determine the r-dependence of the metric func- 
tion g uu . If, for example, the trace of the energy- momentum tensor is independent of r, 
then g uu is at most quadratic in r. 

Subsequently, the remaining field equations corresponding to the components (f2"3"l) (f2"5f 
have to be used to fix the undetermined integration functions of x and u (or to rule out a 
solution due to an inconsistency). 

It can also be observed that all higher-dimensional Kundt spacetimes must necessarily 
be algebraically special. They are always at least of principal type I, with k = d r being the 
Weyl aligned null direction (WAND). If T r { = then they are at least of principal type II. 

Indeed, using (l2"0"l) - (f36"l) , the coordinate components of the Weyl tensor are 

C r i r j = , (37) 
C r ijk — 2^Jj 2) ^ ^uj.rr g%j guk.rr) : (^) 

together with much more complicated non-trivial components Criuj ? C ruru , Cruij ? Cruui ? 

^ijkh ^uijk C u { u j . 



Let us introduce a natural null frame 



m (0 ) = k = d r , 

I = \ 9 rr d r -d u +g lr d l , (40) 
"*(») = p5 4 , 

for which g a pk a l^ = 1 and m^U m (j) = 7«j i with all other scalar products vanishing. (Of 
course, using a spatial rotation = X^m^ where X£ is a suitable orthogonal matrix 
the spatial metric 7^ can always be diagonalised to 8ij .) Then we obtain the following frame 
components of the Weyl tensor: 

(7 (0)(i)(0)0') = °' ( 41 ) 
pi 

C '(o)(i)(i)(fc) = 2{D - 2) ^ 9lk 9uj ' rr ~ 9%j guk ' rr ^ ' ( 42 -* 

According to the classification, reviewed in [7] , the Kundt spacetimes are thus necessarily of 
algebraic type I, or more special. In the case when gij g u k.rr = 9ik 9uj,m the spacetimes are of 
type II (or more special). This occurs, in particular, when T ri — because the corresponding 
field equations then imply g U i iTT = (see also propositions 1 and 2 of [24]). 



5 The Einstein— Maxwell equations 

In the remaining part of this paper we will restrict our attention to spacetimes that are either 
vacuum (T a p = 0), possibly with a cosmological constant A, or those that include a Maxwell 
field aligned with the geometrically privileged null vector k such that 

F af3 kP = Qk a , (43) 

where Q is an arbitrary function. The corresponding energy-momentum tensor of the elec- 
tromagnetic field is 

47rT Q/3 = F^Fp" - \g a pF llv F> iV . (44) 
In the coordinate system introduced in l[4")). for k — d r there is 

F ri = = F ui , F ru = Q = F ur , (45) 

with components F, tJ and F ul (or F io = g ik g jl F M , F lr = -Qg ri + g ij F uj -g rk g lj F kj ) still 
arbitrary. Consequently, F r u = F r % = Fi U = and F u u = —F r r = Q, other components are 
generally non-trivial. In particular, it follows that T rr = — T r i : such spacetimes are of alge- 
braic type II or more special, see end of section|4j Notice that the trace TJf — — ^^■F tlv F^ v , 
which is equal to ^^-{2Q 2 — FijF 1 ^), is generally non-zero unless D = 4. 

The Einstein field equations, re- written as R a p — A <?a/3 + 87rT a /3 — jjz^ 9 a P ^ui can 
thus be expressed in the explicit form 

Rap = A g af3 + 2 F a ^ - -^—^ g aP F^F^. (46) 

These will now be calculated for vacuum or elect rovacuum, together with the source-free 
Maxwell equations -F| a /3 ;7 ] = 0, F^ v '.„ = 0. The first set of the Maxwell equations is equivalent 
to F a/3i7 + Fpy ta + Fy a ,/3 = 0, while the second one to ^fg~F^ v . v = (y/g F^) v = 0. These 
yield 

Fii,r = , (47) 

F\ti,r — Q ,i •> (^^) 

%,fe]=0, (50) 

and 

Q,r = 0, (51) 

VgF ir , r = -(^gF i % ) (52) 
iV9F ir ), i = -(VgQlu- (53) 



From (|47p we observe that the components are independent of 7', 

Fij = Fij{x,u). (54) 

Using (f5"Tj) . we also find 

F ru ^Q(x 1 u), (55) 
with Q(x,u) arbitrary. Using this result and (|48|) . we obtain 

F U i = -rQ,i - £,i(x,u), (56) 
with ^i(x,u) arbitrary functions of x and u. Substituting now (|56[) into (|49p . we obtain 

— — ■ (57) 

In particular, taking F^ = Aj t % — Ajj with A; = — J du, both (|50|) and (f57|) are satisfied 
identically. 

Thus we found the r-dependence of all electromagnetic field components. In particular, 
the invariant F ilv F^ v of the Maxwell field is independent of r, and 

F^F^ = F 2 ~2Q 2 , (58) 

where we defined 

F 2 (x,u) = F lk F 3l gVg kl . (59) 

We always have F 2 > (with F 2 = if, and only if, F$j = 0) because, in an orthonormal 
frame, F 2 = £, , F 2 , . 

Geometry of the Kundt class determines fully the r-dependence of the Maxwell field. The 
non-trivial components of F^ are explicitly given by (|54[) . (|55[) and (|56[) . with the remaining 
constraints (|52|) and ([53]) . 



5.1 Equations R rr = and i? ri = 

It easily follows from the metric structure (j4|) and expressions (|45|) that two of the Einstein 
field equations (|46[) are very simple, namely R rr — and i?H = 0. The former is, in fact, 
satisfied identically. In view of (|2Tj) . the latter reduces to g U i,rr = . This can immediately 
be integrated yielding 

Qui = ei(x,u) + fi(x,u)r, (60) 

where e$ and /$ are arbitrary functions of x and u. The r-dependence of the metric functions 
g u i is now determined: interestingly, for any (aligned electro)vacuum Kundt spacctime in an 
arbitrary dimension these functions are at most linear in the affine parameter r. In view of 
(|4"2")l . these spacetimes are thus algebraically special (at least of type II). Consequently, the 
related contravariant metric components are 

g ri = e i (x,u) + f(x,u)r, (61) 

where e 1 = g^ej and p = <7 y '/j . 



5.2 Equation for R ur 

The Ricci tensor component R ur for the metric (j4]) is given by (|22|) . Using the result obtained 
above, 2F uf ,F/ 1 + F^F^ = F 2 + 2§5§ Q 2 . In view of ([60]), the corresponding 
field equation l|46p thus explicitly reads 

1 2A F 2 + 2(F) — 3)Q 2 
- - 2 9uu, rr + V= + — 2 , (62) 

where 

V = <p(x,u) = | ( f/i + f ti + f*QnJg),i ) ■ (63) 
By a simple integration, the component g uu of the metric is thus determined as 

g U u = a(x, u) r 2 + b(x, u) r + c(x, u) , (64) 

where 

I \- j. 2A F 2 + 2(D-3)Q 2 
a{x, u) = Lp + jy— - jj— , (65) 

and b(x, u), c(x,u) are (so far) arbitrary integration functions of x and u. 



5.3 Equation for 

Since 2 F Hl F/ - ^ g i jF llv F tiU = — ^ (F 2 - 2Q 2 ) + 22^-, <? fcz and the Ricci tensor 
component Rij is given by (f2"3")l . using ([50]) the corresponding held equation (|4"rJ)) becomes 

2^ ^2 20 2 

Si?y = 7T^ 9ij ~ d-2 913 + 2FikFjl gkl + ^ fifj + /m + " T ^ fk ' (66) 

where s Rij and S T^ are the Ricci tensor and the Christoffel symbols of the spatial metric 
gij, respectively!! Equations (f66|) are independent of r. Notice that their trace gives 

S R = 2 A + F 2 + 2Q 2 + \P!i + f ti + /*(ln , (67) 

where S R is the spatial Ricci scalar. This relation enables us to re-express the function ip as 

2 <p = \PP + S R-2A- (F 2 + 2Q 2 ) , (68) 

and the function a as 

i m , , i SR D - 4 £(f 2 + 2Q 2 )+4QD-4)Q 2 
a = jf fi + 2 R~ ~D~~2 2lD-^ ' (69) 

Consequently, the quadratic term in the metric coefficient g uu can be written in the form 
that does not explicitly contain derivatives of either the functions p or the determinant of 
the metric g. 

5.4 Equation for R uu 



Using (|55|) , (|56|) and (|58|) . the right-hand side of the uu component of Einstein's equations 
([46]) becomes 

2A 1 
7^?™ + 2F u , l F u ^ -——g uu F^F^ =[a(a- if) + 2g^(Q, l + QP){Q. 3 + QP)]r 2 

+ [ a(b - tp) + 4 (Q, 4 + QP)(C + Qe l )]r+[a(c-Lp) + 2(£ :i + Q e 2 )(f + Q e l ) } . (70) 

The general form of the Ricci tensor component R uu is given by (f2"4"| . By substituting from 
([SO]) , and comparing the coefficients of different powers of r, we obtain the following 
three equations, namely 

W ja d)\\i + 1 Z 1 ^ + <<P + l/Vi) (71) 
-hg ij 9 kl f jt i(kk - fka) = 2//' my;, + Q/i)(Qj + Q£) 



for r 



+ |A< -2 e ! a, ~ a(e< 1|4 +2e*/< - (In Vff ),«) ( 72 ) 
- fj,i)+9 ij 9 kl e jt i(fi,k ~ fk,i) 
+(9 ij fj,u)\\i + P(P,u - bi) = A{Q,i + Qfi)(C + Qe i ) 



for r , and 



-W'c^Wi + \pCi + §/j|< c - ae'e, - §&(e< 1|4 - (In ^),«) (73) 
+ W l P){e^. } ) - \{pei) 2 + fe^ ei<j - e jti ) + y J g 1 " <>.,[< - e M ) 
+(9 ije j,u)\\i + ^(hu ~ b,i) - \g lj g kl gik,ugji,u - {\n^/g). uu = 2(& + Qe;)(f + Q e l ) 

for r , respectively. Here, we used the abbreviation 

^\ i = ^\ i + ^{\n y fg) li (74) 

for the covariant spatial divergence of any quantity 



3 In fact, the last three terms in (|66|l correspond to (half of) the Lie derivative of the spatial metric gij with 
respect to f 1 , while the last two terms in (I63|l can be re- written as the divergence of /* with respect to gij, cf. 
expression (f74]l below. 



5.5 Equation for R ui 

Finally, the general form of the Ricci tensor component R U i for the metric ((4|) is (|25|) . 
Substituting from ([SO)) . and comparing the coefficients of different powers of r with the 
corresponding terms on the right-hand side of the Einstein equations (|46|) , the following two 
relations are obtained: 

i fit?* f ff\ , n 0F l2 ), l + 20D-3)(Q 2 ), 4 
5/ K 2 Jj,i ~ Ji,j ~ Jitj) ~ ¥>,i 



D - 2 

+ 5 [9 J ' fe (/i,i - /iJ - /i/i)] , k + \ W\f 3 ^ - fid - fifi)] (In y/9),k (75) 

/ 2A F 2 — 20 2 \ 

+y 3k g lm g l mMA 3 - hi) = [jj—, - D _l j U + %QQ,i - m 3 {QP + <j ,1 Qj. > 

for r , and 

\ [9 jk (9ij,u + ej,i ~ e itj - fa)] k + \ [g jk (gij, u + e i:i - e tJ - fa)] ()n^/g) >k 

+|e j (/j > i - /ij - /i/j-) - |6i + fi^e^ + \g ]k g lm g im ,k{ e Uj ~ e j,i + fi e j ~ fj e i) 
+ iku + I (In - (ln^),^ - jg jk g lm gkm,i9ji,u (76) 

2A F 2 ~2Q 2 " 



D-2 D-2 



2Qt i -2F ij {QeP + g jk £ k ) 



for r° 



6 Summary of the results 

By applying the Einstein-Maxwell field equations, we have obtained above a complete family 
of Kundt's spacetimes in an arbitrary dimension D which are either vacuum or contain an 
aligned electromagnetic field. A non-vanishing cosmological constant A is also allowed. All 
such metrics can be written in the form 

ds 2 = gij dx i dx j + 2 (e< + fi r) dx l du - 2 du dr + (a r 2 + b r + c) du 2 , (77) 

where g^, ei, fi, a, b and c are functions of x and u only — see equations Q, 150)) . 
and ((69)1 or, equivalently, by (|65|) . with the function <p given by (f63|) or (|68|) . The spatial 
coordinates x = (x 1 , x 2 , . . . , x D ~ 2 ) span the transverse space, u labels the family of null 
surfaces, and r is the affine parameter along the geodesic, twist-free, shear-free and non- 
expanding congruence generated by the null vector field k = d r , which is normal to u = const. 
Such a vector represents a multiple WAND, and all these spacetimes are of type II, or more 
special. 

The functions g^, ei, fi, a, b and c in the metric (|TT[) are constrained by the remain- 
ing Einstein equations, namely (|TTj). l[72j). (|75|) . (|75j) and (|75|) . These equations also 
contain the non-trivial Maxwell field variables F^ v , namely Fy, Q = F ru and £j, such that 
Fiu — r Q t i + S,i(x, u), which all depend only on x and u. The corresponding electromagnetic 
field thus can be written as 

F = Q dr A du + (r Q a + &) dx l A du + ±F l3 dx l A dx j , (78) 

Recall also that F 2 (x,u) = Fn~ Fji g l: > g kl . The remaining Maxwell equations are (|52"|) and 
([55]) which, if expanded in the powers of r using the previous results, in particular (pT|) . yield 
the following two equations in D > 4: 

(VdQlu = [Vd (Qe l - g l 'F jk e k + £%■) ] , (79) 

{sfgg ik g jl F kl ) t . = s r, (Qf - g^F Jk f k + ^q.,) . (so) 

The relations (|T5|) , together with the constraints ([5H)l . (|57|) . which can be solved - 

for example — by taking F^j = Aj i — j where = — J ^ du, place restrictions on the 
admissible electromagnetic fields (|5"4"|) - (|5()]) in the Kundt family of spacetimes. 

Note that such electromagnetic fields can be null when F 2 = 2Q 2 , see the invariant (j55)) . 
This property is different from the case of higher-dimensional shear-free expanding space- 
times, in particular of the Robinson- Trautman family, which do not admit aligned null 
Maxwell fields [3]. 



6.1 Coordinate and gauge freedom 



The general Kundt metric ([4]) is left invariant under the coordinate transformations 

v 

x l =x l (x,u), u = u(u), r = . + p(x, u) , (81) 

u(u) 

with u denoting the derivative of u(u) (cf. [1], section 2 in [13], or section 4 in [14]). This 
clearly does not change the foliation to a family of null hypersuperfaces u — const, nor the 
afhne character of the parameter r. In particular, the form of the metric (|77p is invariant 
under (|8ip with the metric functions changing as 

dx l dx^ . . 

9»=9Hq^ W , (82) 

/ i° \ ' dx l . dp dx l dx j 

e k = (e, + U p) u— k -u— k+ 9ij — k — , (83) 



h = %f ■ (84) 
a = a , (85) 
~ /9t 2 ?*/ 

6 = (6 + 2ap)n + 2/i— + 2-, (86) 
ou u 

do dx^ dx l dx^ 

c= (c + bp + ap 2 ) u 2 - 2w-^ + 2(e, + f t p) ii— + g l3 -^r^r ■ (87) 

ou ou ou ou 

The transformation (|8Tj) also induces a change in the electromagnetic field (|78|) , namely 



Q 


= Q, 






= Q,i 






3a; fe ' 




-(* 






+ Q 

dx k 






dx l dxi 




dx k dx l 



(89) 

®P _)_ q ^ ' + F- ■ (90) 

(91) 

which implies F 2 = _F 2 . Using this coordinate freedom, a simplification of the metric and/or 
of the Maxwell field can be achieved. For example, it is (generally) possible to remove the 
functions b and c, or to simplify the functions and /j. In particular: 

• Provided a ^ 0, the function b can always be removed by choosing p = —b/2a in l|8ip. 
keeping x and u unchanged, see (|86p. 

• Alternatively, in view of (|87p . it is possible to remove the function c if p is taken to be 
a solution of the differential equation 2 p^ = ap 2 + bp + c. 

• We may set, at least locally, Ci = by the transformation x l {x,u) — — J e l (x,u) du. 
This is regular only when the determinant det J\ of the Jacobi matrix J\ = is 
non-vanishing. In the degenerate case det J l k = 0, we may alternatively remove e 1 , 
for example, by applying the transformation x 1 — — J e l (x, u) du — A x 1 . This is now 
clearly regular provided A 7^ is any real parameter different from the eigenvalues of 
the matrix J\ in the neighbourhood of a given point. 



Considering (|84|) , the functions fi can also be simplified using the coordinate freedom 
(|8ip . For example, at any given point, it is always possible to apply a suitable "rotation" 
to achieve (say) fi ^ and fi = for i = 2, 3, ...,£) — 2. However, to obtain such a 
simplification in a local neighbourhood or even globally, additional conditions must be 
satisfied. 



It is sometimes possible to remove the function £j in the electromagnetic component 

[71 dx J 



F iu by transforming x so that Fij^M- = — £j, with u = u and p = 0, sec (|9U|) . 



Of course, these transformations are not mutually independent. Moreover, the particular 
use of the coordinate freedom is very different for specific subclasses of the Kundt spacetimes. 



6.2 Canonical subclasses 



It also follows immediately from the coordinate freedom (|8Tj) discussed above that 

f l fi = g lJ fifj is an invariant , (92) 

i.e., g kl fkfi = g^fifj, see the transformation properties ([82]) and ([84]) . Moreover, due to the 
positivity of the spatial metric <?jj, the expression f l fi can not be negative. This fact can 
conveniently be used for a natural canonical classification of a general family of the Kundt 
spacetimes in any dimension. 

Namely, it is possible to distinguish two separate cases: f l fi — and f l fi > 0. In the 
first case, it follows that fi = for all i = 1, 2, . . . , D — 2, see section 16.2.11 below. In the 
second case it is sometimes possible to employ the coordinate freedom (|84|) to obtain a 
specific simpler form of the functions /, , see section 16.2.21 

Note also that the functions fi are directly related to the coefficients 

n = k a ,f3 mfo l p (93) 

(which are higher-dimensional analogues of the real and imaginary parts of the Newmann- 
Penrose spin coefficient r) with respect to the frame (|40| that is naturally adapted to the 
coordinates of the Kundt metric (|77|) . In [6,7,13] such coefficients are denoted Ln = Lu. 
Using the fact that k a -0 = ^g a 0,r, it can easily be shown that 

n = -\ph. (94) 

In the Kundt class of spacetimes these quantities are invariant under null rotations with 
respect to a fixed WAND k, see [24] with L io = = Lij, while under spatial rotations 
= Xjrri(j) (where X\ is an orthogonal matrix) they transform simply as t- — Xfrj. 
Note finally that the above invariant (|92|). which occurs (for example) in the explicit 
expression for the metric function a in (|69|) , reads 

\ffi = l> V' nr 3 = t« r iTj . (95) 
In D = 4 this becomes simply rf. 



6.2.1 The case f% = 

Clearly, the simplest subclass of the Kundt family of spacetimes is that for which all the 
junctions fi vanish, /i = for all i. This occurs if, and only if, = and the corre- 
sponding metric and the field equations simplify considerably. Indeed, metric (|77[) reduces 
to 

ds 2 = gij dx i dx j + 2 a dx i du - 2 du dr + (ar 2 +br + c) du 2 , (96) 
where (since ip = Q) 

2A F 2 + 2(D-3)Q 2 
D-2 D-2 ' 

and the equations <(66j) — (f76|) become 

BRij = ~LJ^2 9ij ~ ^D 2 ? 9ij + 2FikFjl ' (98) 

hiS iia d)\\i = - 2 9 ij Q,iQj, (99) 

^b J ) lll + 2e t a il + a(e) lt -(\n^g) iU ) ^~4Q4C + Qe l ), (100) 
\{9 ij c,j)\\i +ae i e i + \b(e\^ - (]n^/g) tU ) - \g l] g kl e^i{e lM - e k , t ) 

-(9 ij ej,u)\\i + e*b,i + ^VWfti,™ + (ln^g), U u = -2(6 + Qe t ){C + Qe l ) , (101) 

gmffl = -*», + 2F iig *Q, t , ,102) 
\ W k {9i],u + e u - e itj )] k + \ [g 3k (g tJ ,u + e jti - e id )] (In y/g ) >k 

+ y k 9 lm 9im,k{ e h3 - ej,0-(ln y/§),vi ~ \9 ik 9 lm 9km,i g 3 i,u (103) 
2A Fl -' 2( 1 2 \ , 2Q^-2F ij (Qe^+g=%) 



D-2 D-2 



These equations are quite complex, but the coordinate freedom (j8"Tj) . implying (|8"2")) - (Pl"j) . can 
be used for some further simplification. For example, when a^O, the function b can always 
be removed by choosing p = —b/2a. In view of this is always possible if A < 0. 
Notice also that the equation (|99[) for a can be re-written in the invariant form 

Aa= -4|VQ| 2 < 0, (104) 

where Aa = a) ^ is the Laplacian on the Riemannian transverse space. Due to (I104j) and the 
fact that g.ij is positive-definite, the function —a is subharmonic. 

Specifically, by Bochner's "maximum principle", on a compact Riemannian manifold, a 
subharmonic function is constant [25,26]. Therefore, a is independent of x l , and so is then Q. 
From (|102|) it then follows that F 2 has the same property, too. Taking the trace of (|98|) . we 
conclude that S R is also independent of the transverse spatial coordinates x and the subspace 
is of constant Ricci curvature, which can only depend on the variable u. Maxwell equation 
([80)1 reduces to an effective Maxwell equation on the transverse space. 

In the vacuum case it immediately follows from (|98p and (|97p that 

2A 

s Rij = ag lj , where a = — - - , (105) 
so that the Riemannian transverse space is an Einstein space. 



6.2.2 The case f% > 



When the invariant ([92]) does not vanish, some of the functions fi are non-zero. The Einstein- 
Maxwell equations (|66p -(|76 |) to be solved are then, in general, much more involved. However, 
it can be observed that a simplification occurs if fi.j — fj_i = (i.e., f[i\\j] — 0), so that fi 
can locally be written as a gradient. Interestingly, this special case is physically important, 
as it contains all the VSI spacetimes (see equation (22) in [13]). Let us now describe such a 
particular subcase explicitly. 

The subcase fij = fj^ 

If fi,j — fj,i for all spatial indices i, j, the general field equations (l66 |) -([76 ]) reduce to 

SRij = D~2 9ij ~ ' ]) ~T + 2FikFjl gU + ^ fifj + fi ' j ~ ^ h ' (106) 
W ja d)\\i + lf% + a (^> + \Ph) = 2 -/MO, + QfiXQj + Qfj) , (107) 
W ib d)\\i ~ §A< + 2e i a, i + a(e) [i + 2 e*/* - Qn^g) iU ) 

-(9 ij fj,u)\\i ~ /*(/*,« - 6 .0 = ~ 4 (Q,i + Qfi)(? + (108) 
W jc d)\\i - \f% ~ l/jiiC+ae^ + \b(e\ t - (ln^), u ) 

-Wi)&ej) + ±(f e 4 ) 2 - /V(e 4J - e^) - \gV g H e U {e i>k - e M ) (109) 
-{g ij e jtU )\\i - e l {f hU - b ti ) + \g ij g kl gik,u9jl,u + 0-^^/g),uu = —2(6 + Qe l ){C + Qe i ) , 

2A F 2 -2Q 2S 
D -2 D -2 

5 [9 3k {9ij,u + ej,i ~ e itj - f l e j )] fc + \ [g 3k (g i: j.u + e,,, - e itj - fre,)] (In Jg ) >k 

~\h e j fj - + lf j ej,i + y jk g lm gim,k( e U ~ e 3,i + fi e i ~ h e 
+ \h,u + |/i(lnv^).« ~ ( ln \/s)>™ ~ l9 jk g lm 9km,i9ji,u (HI) 
" >A F2 -' 2( ~ )2 \ ,. 2 Q(; i -2F ij (Qei+gi%) 



fi - >()()., + 2F l3 {QP + , (110) 



D — 2 D 



Moreover, from the conditions fij — fjj = it follows that there exists (at least in some 
neighbourhood) a "potential" function !F(x,u) such that fi can be written as a gradient, 



It is possible to employ the coordinate freedom [)84p to achieve (say) /i 7^ and fi = for 
all i 1. Indeed, T itself can be taken as a new local coordinate x 1 = J-(x, u), and relation 
(|54")1 thus implies fi — 1 and / 2 = /a = • • • = 0. Therefore, without loss of generality, we can 
(locally) assume 

/i = l, /<=0 for i = 2,3,...,D-2. (113) 

This facilitates further simplification since, for example, any derivative of fi in (|106|) - (|111|) 
vanishes identically. 



7 Important subfamilies and relation to previous works 

In this final section we will briefly mention some particular subclasses of the metric (|77|) and 
list the related references. 



7.1 pp- waves 

One important subclass of Kundt spacetimes are pp-waves. These are defined geometrically 
as admitting a covariantly constant null vector field k (and thus are sometimes denoted as 
CCNV spacetimes). Since k a -p = \g a p,r, it follows that all the metric functions g a p in ([77)1 
must be independent of the coordinate r, so that fi — for all i (implying tj =0), and also 
a = = b. This is thus a special case of (|96p. 

ds 2 = gij dx i dx j +2e i dx i du - 2dudr + cdu 2 , (114) 

where, due to 

F 2 + 2(D - 3)Q 2 = 2A > . (115) 

Also, using the fact that Q, F and S R can only be functions of u, see (|99|). (|102j) and the 
trace of (|98|) . the field equations become 

OA p2 20 2 

SRl3 = D~2 9l] ~ D-2 5y + 2FikFjl gU ' (U6) 
k(9 ij c,j)\\i ~ y ij 9 M Hi( e i,k ~ ejfe.i) - (s y e 3 >)||i 

• ^//W, ,</,/,, + (lnV5),„„ - -2(6 + Qe l )(e + Q e l ) , (117) 
I [g jk {9i].u + e jti - e hJ )] k + \ [g 3k (g ij ,u + e jti - e %] )} (ln^),fe 

+ \g jk g lm g im M{ei,j - e jt i)-(hx^/g), ui - \g ]k g lm g km , t 0ji, u (118) 

^2 ~ F £>~- 2 ? 2 ) 61 + 2Q ^ " ( Q e ' + • 

In vacuum, we have = = Q , so that F 2 = 0, and also £j = 0. In view of (|115p . A = 
and due to (|116[) the transverse Riemannian space must be Ricci flat, 

s R t3 =0. (119) 

Of course, the right-hand sides of equations (|117[) and (|118p are also zero. 

In the particular case when all the functions can be globally removed, i.e., fi — = e, ; , 
equations (|117p . (|118p further reduce to a much simpler form 

W jc ,i)\\i + \9 ii 9 U 9ik,ug j l,u + (In s/g),uu = -2 , (120) 
\ [9 jk {9ij,u)} >fc + \ [g 3k (g l3 .u)] Qn^g) tk -(ln^g) <ui - W"'//,„„ // ; /„ (121) 

= 2Qi i -2F ij g ik ik. 

The pp-wave spacetimes (|114p in higher dimensions were introduced in the classic paper 
[8] by Brinkmann, and since then they have been studied extensively, see for example [7,9, 
10, 12, 13] and references therein. 



7.2 VSI and CSI spacetimes 



Higher-dimensional Lorentzian spacetimes with vanishing scalar curvature invariants of all 
orders (the so-called VSI spacetimes) were explicitly presented in [13], see also [7,9,11,12,14]. 
It was found that all such spacetimes belong to the Kundt class and, in fact, can be written 
in the canonical form 

ds 2 = 5 i:j dx*dx j +2( ei + r) dx l du - 2 dudr + (ar 2 + br + c) du 2 . (122) 

This is a particular case of the metric (|77|l in which the transverse space is flat, i.e. 

gij = Sij . (123) 

Such spacetimes have a Weyl tensor of algebraic type III, or more special. Two subclasses 
can be distinguished, namely the case fi — for all i = 1, 2, . . . , D — 2 (which occurs when 
Pfi = ) and the case /i ^ with / 4 = for i = 2, 3, ...,£>- 2 (when f% > ). For more 
details, see [13] with the notational identification r = —v, e; = and fi = — W 4 where 
either f\ — or /i = 2/x 1 . Note that the special choice (|113j) in which /i = 1 can be achieved 
by a simple coordinate transformation x 1 — > exp(^x 1 ) with redefinition = ^wj ^ exp(ix 1 ), 
of course at the expense that the flat metric 5^ becomes diag (4 exprr 1 , 1, . . . , 1). 

An important subclass of VSI spacetimes with fi =0 for all i are pp-waves with a flat 
spatial metric (|123|) , as described above in section 17.11 (see also the following section 17.31) . 

A generalisation of the VSI spacetimes belonging to the Kundt class, such that all polyno- 
mial scalar invariants constructed from the Riemann tensor and its derivatives are constant 
(denoted CSI spacetimes) , was introduced and studied in [7, 14] . 

7.3 Gyratons 

Another physically interesting subclass of the Kundt family of non-expanding space-times are 
the so-called gyratons. These describe the field of a localised spinning source that propagates 
at the speed of light. Such a situation may be modelled by a spinning beam pulse of radiation 
(or null matter) that has a finite duration in retarded time u and a negligible transverse 
radius, so that the total energy and angular momentum remain finite. Exact spacetimes of 
this type, represented by specific axially symmetric type III Kundt solutions in D = 4, were 
introduced by Bonnor [15] (who called them "spinning nullicons") and recently generalised 
to higher dimensions [16-21], see also [7,13]. 

The external gravitational field of the simplest gyraton with A = is described by the 
metric 

ds 2 = 6 tj dx i dx j + 2e i dx i du - 2 dudr + cdu 2 , (124) 

see [17] with the identification = A4, c = Obviously, this is a particular pp-wave 
Brinkmann metric (|1 14[) with = 5^, ^ 0, and also a special subfamily of VSI spacetimes 
(|122[) with fi = and a = = b. The metric functions and c must satisfy vacuum field 
equations (|117[) and (|118[) with vanishing right-hand sides. Interestingly, these are formally 
equivalent to equations for the magnetic vector potential Ai and electric scalar potential $ 
in the transverse (D — 2)-dimensional flat space [16, 17], and thus can be generally solved by 
standard methods. 

In order to obtain the complete spacetime, it is necessary to find also the corresponding 
internal solution inside the gyraton, and match it to the vacuum exterior solution (|124|) . It 
must be emphasised that the "gyraton matter" is spinning, so that its energy-momentum 
tensor has not only the familiar pure radiation (null fluid) component T uu ^ but also an 
extra non-diagonal term T U i 7^ (other components, and thus the trace T^, are assumed 
to be zero). In the natural frame (|40|) . the only non- vanishing components of the Ricci 
tensor, related to the gyraton, arc thus $ = R a p l a I 13 and <5>i = R a l a m^-., which in D = 4 
correspond to the Newman-Penrose scalars $22 and $12, respectively. Within this internal 
gyraton region, the spacetime is in general of algebraic type III. 

As discussed in section l6~T| it is possible to remove all metric functions et in the exterior 
vacuum region, but only locally. In the presence of gyratonic matter, we can not set e, = 
globally because the exterior pp-wave manifold (|124|) is not simply connected and even if 
the spinning gyraton source is negligibly small, there remains a particular singularity along 
(part of) the axis x l = 0. 



Further specific generalisations of the gyraton spacetime (|124p have been presented re- 
cently which admit a negative cosmological constant [18] or a charged source [19]. Gyraton 
solutions in supergravity theories have been considered in [20,21]. 

All these gyratonic solutions belong to the Kundt family. Naturally, other types of 
gyratons can be explicitly constructed and identified within the general family of higher- 
dimensional Kundt spacetimes presented in this contribution. For example, in [13] the au- 
thors mention the existence of both pp-wave gyratons (with no r-dependence) and the Kundt 
gyratons (with r-dependence) which generalise a metric of the Kundt waves. Obviously, the 
latter can be identified in the canonical subclass of spacetimes with > , described in 
section 16.2.21 

8 Conclusions 

We presented and discussed the main features of the general Kundt family of higher-dimen- 
sional spacetimes, which admit a hypersurface-orthogonal, non-shearing and non-expanding 
congruence of null geodesies. In particular, without assuming any specific matter content, 
we explicitly calculated all components of the curvature and Ricci tensors for the Kundt 
metric. We also determined its algebraic type, together with constraints imposed by general 
Einstein's field equations. 

Starting from section [5J we restricted our analysis to the most important case of vacuum 
Kundt spacetimes with an arbitrary cosmological constant A, and possibly with an aligned 
electromagnetic field. We derived the explicit form of all Einstein(-Maxwell) equations within 
such a setting. The results are summarised in section [6] where we also discuss the remaining 
coordinate freedom and define canonical subclasses. 

We demonstrated above that the general form of such (electro) vacuum Kundt space- 
times in any dimension D is simple, see the metric (|77p . In particular, the metric functions 
g u i are at most linear while g uu is at most quadratic in the affine parameter r of the con- 
gruence generated by the multiple WAND d ri which fully agrees with a form of vacuum 
non-twisting metrics presented in [22]. However, the structure of the remaining Einstcin(- 
Maxwell) equations, which determine the explicit form of the metric functions, is rather 
complicated. Obviously, these equations are not manageable in general. This is not, in fact, 
surprising since even in the D = 4 case such solutions are mostly not known explicitly, see [1]. 
Nevertheless, various canonical and special subclasses of vacuum and electrovacuum Kundt 
spacetimes, possibly with a non-vanishing cosmological constant A, can be identified and 
studied. These include some previously found solutions in this family, namely generalised 
pp- waves, VSI or CSI spacetimes, and gyratons, as described in section [7] 

In contrast to the Robinson- Trautman family of expanding solutions, which in D > 4 
contains only conformally flat and type D solutions [2,3], the non-expanding class of higher- 
dimensional Kundt spacetimes is very rich. There are vacuum and electrovacuum solutions 
of various algebraic types (i.e., of type II and more special), and the transverse (D — 2)- 
dimensional Riemannian space admits many spatial metrics. This follows from the property 
that Kundt's spacetimes have a shear-free and non-expanding character and thus, in D > 4, 
they are closer to their four-dimensional counterparts, see [14] and references therein. 
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